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Abstract
We study the effects of heavy fields on 4D spacetimes with flat, de Sitter and anti-de Sitter
asymptotics. At low energies, matter generates specific, calculable higher derivative corrections
to the GR action which perturbatively alter the Schwarzschild-(A)dS family of solutions. The
effects of massive scalars, Dirac spinors and gauge fields are each considered. The six-derivative
operators they produce, such as ∼ R3 terms, generate the leading corrections. The induced
changes to horizon radii, Hawking temperatures and entropies are found. Modifications to the
energy of large AdS black holes are derived by imposing the first law. An explicit demonstration
of the replica trick is provided, as it is used to derive black hole and cosmological horizon
entropies. Considering entropy bounds, it’s found that scalars and fermions increase the entropy
one can store inside a region bounded by a sphere of fixed size, but vectors lead to a decrease,
oddly. We also demonstrate, however, that many of the corrections fall below the resolving
power of the effective field theory and are therefore untrustworthy. Defining properties of black
holes, such as the horizon area and Hawking temperature, prove to be remarkably robust against
higher derivative gravitational corrections.
∗G.L.Goon@uva.nl
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1 Heavy Fields and GR
How do heavy fields affect gravitational solutions? Very little, surely. There is a wide separation of
scales between, say, the Compton wavelength of the electron and the curvature length scale outside
of a typical black hole. Particle physics is largely irrelevant to the study of gravitational fields
produced by macroscopic objects. However, while this hierarchy makes the gravitational signatures
of heavy fields rather small, it also makes their study amenable to a controlled, local effective field
theory (EFT) treatment. In the present paper, we carry out this analysis and explore how high
energy (UV) physics imprints itself on familiar, low energy (IR) gravitational solutions.
The role of heavy fields is explored in the context of static black holes with flat, de Sitter
or anti-de Sitter asymptotics. These Schwarzschild-(A)dS spacetimes are the most fundamental,
non-trivial solutions of pure Einstein Gravity coupled to a cosmological constant1 (CC):
IGR =
∫
d4x
√−g
(
M2p
2
R− Λ
)
g¯µνdx
µdxν ≡ −
(
1− rs
r
− Λr
2
3M2p
)
dt2 +
(
1− rs
r
− Λr
2
3M2p
)−1
dr2 + r2dΩ2 . (1.1)
Our goal is to determine how the introduction of heavy states alters the above family of solutions.
We address this by adding massive fields to the GR action, IGR → IGR + IM, and integrating
them out. The result is a specific higher derivative theory of the metric in which we can look for
new black hole (BH) solutions. As long as one studies black holes which are much larger than the
Compton wavelength of the matter (e.g. rs  m−1 for pure Schwarzschild), the new solution will
simply be (1.1) plus tiny corrections.
We examine three simple cases in which we integrate out a massive, non-self interacting, mini-
mally coupled scalar, Dirac fermion and vector field. Each of these calculations is one-loop and hence
we will be studying the quantum corrections to the metric due to heavy fields. The calculations
must be carried out to sixth order in derivatives, as it’s these operators, such as RρσµνRµνκλR
κλ
ρσ
which provide the leading corrections to the solution. Matter’s contributions to the Mp and Λ
beta functions are also calculated, as well as those of the four-derivative ∼ R2 operator coefficients.
However, the effect of these latter terms on the solution (1.1) is subleading, a special property of
d = 4.
After perturbatively solving the equations of motion, the changes to horizon radii, Hawking
temperatures and entropies are found (in various limits) as well as the change in the energy of
large AdS black holes, as calculated from the first law. In particular, we use the replica trick
1Actions are denoted by I, while S is reserved for entropy. Anti-de Sitter, de Sitter, Schwarzschild-AdS and
Schwarzschild-dS are abbreviated as AdS, dS, SAdS and SdS, respectively.
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to efficiently calculate the entropy for static, spherically symmetric solutions of the most general
four-dimensional gravitation action containing up to six derivatives of the metric. An explicit
demonstration of the method is given in Appendix A where we calculate the entropy of dS4.
There are several basic questions we can address, such as whether there’s any universality in
the way the matter affects solutions. Do heavy fields seem to always push horizon radii inwards or
outwards? Or, do they always increase the Hawking temperature and entropy of black holes and
cosmological horizons?
Perhaps contrary to expectations, we find very few general patterns across particle species. At
fixed rs, scalars and fermions decrease the horizon radii of all black holes, while vectors lead to an
increase. Scalars increase the temperature and entropy of all black hole horizons, while fermions
decrease these quantities and the effect of vectors depends on the particular solution of interest
(again, at fixed rs). For asymptotically de Sitter spacetimes, scalar fields shrink the cosmological
horizon and increase its Hawking temperature and entropy, while fermions and vectors have exactly
the opposite effect. With entropy bounds in mind, we also compare the change in black hole entropy
for solutions with fixed horizon area. It’s found that scalars and fermions increase the entropy one
can store in a given region, as expected, but vectors strangely lead to a reduction.
However, we also find that many of the corrections to black holes are so small as to be untrust-
worthy. All effective field theories come equipped with a cutoff which sets the resolving power of the
theory and determines its regime of validity. In the present paper this is set by the distance scale
∼ m−1, the Compton wavelength of the heavy particle, and we find that various properties of the
black hole are corrected at parametrically smaller scales than this. For instance, for every horizon
we consider, the higher derivative operators shift the wavelength of the corresponding Hawking
radiation by an amount δλ  m−1. Similarly, the proper areas of all horizons are changed by
amounts δA  m−2. Therefore, neither correction is credible, from an EFT perspective. Many
fundamental properties of gravitational solutions therefore appear remarkably robust against higher
derivative gravitational corrections.
The paper is structured as follows. In Sec.2 we consider a generic higher derivative, gravitational
action containing all operators with up to six derivatives of the metric with arbitrary coefficients
and use it to calculate the leading corrections to the solution (1.1). In Sec.3 we calculate the actual
values of these coefficients which arise when scalars, Dirac fermions and vectors are integrated out.
In Sec. 4 we study the general solution of Sec. 2 evaluated on the specific coefficients found in Sec.
3 and in Sec. 5 we provide some interpretation and discussion of the results found in the preceding
section. In Sec. 6 we evaluate the size of the corrections from an EFT point of view, demonstrating
that many are too small to trust. In Sec. 7 we conclude. Finally, we should note that similar ideas
have been previously explored in, for instance, [1–6] and especially [7] which considers the effects
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of massive scalars, fermions and vectors on the Reissner-Nordstrom solution. This paper can be
viewed as an extension of [7] to spacetimes with non-flat asymptotics.
Conventions: Our metric and curvature conventions are those of Carroll [8] (equivalently,
Misner, Thorne and Wheeler [9]): we work in mostly plus signature, ηµν = (−,+,+,+) and use
the curvature conventions
Γλµν =
1
2
gλσ [∂µgνσ + ∂νgσµ − ∂σgµν ] , [∇µ,∇ν ]V ρ = RρσµνV σ
Rρσµν = ∂µΓ
ρ
νσ − ∂νΓρµσ + ΓρµλΓλνσ − ΓρνλΓλµσ , Rσν = Rρσρν . (1.2)
The number of spacetime dimensions is d, though we nearly always work in d = 4. The Planck
mass conventions are M2p ≡ 1/l2p ≡ (8piGN )−1 so that the Schwarzschild radius for a black hole of
mass M is rs ≡ M4piM2p . The (A)dS radius is L(A)dS ≡
√
3M2p /|Λ| and when considering cases with
a definite sign on Λ we will replace factors of Λ by L(A)dS .
2 Generic Higher Derivative Calculations
We begin by deriving general formulas for how higher derivative operators perturb the solution
(1.1). We find the leading corrections from the most general gravitational action containing up to
six derivatives with arbitrary coefficients in front of each independent operator. In later sections
the coefficients are replaced by the specific values which arise when particular forms of matter are
added to the action. It will turn out that the ∼ R3 operators provide the leading corrections to
the solution; neither the ∼ R2 or ∼ R∇∇R operators contribute, at lowest order.
2.1 The Generic Action
Generically, when a heavy field is integrated out, it generates a tower of operators which have an
expansion in Rµνρσ/m
2 and ∇2/m2 so that the (renormalized) gravitational action reads
Ieff ∼
∫
d4x
√−g
[M2p
2
R− Λ + aR2 + b
m2
R∇∇R+ c
m2
R3 + . . .
]
, (2.1)
schematically, where all indices have been suppressed, a, b, c are O(1) coefficients and the ellipses
contains operators with eight or more derivatives. Minimally coupled matter generates divergent
contributions to each classically relevant or marginal operator in (2.1), which need to be regularized
and renormalized in the usual manner.
Some comments:
• Above, we’ve implicitly tuned the bare values of Mp and Λ in the theory including heavy
matter so that their renormalized values appearing in (2.1) are the same as their counterparts
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in the original GR action (1.1). This makes comparisons between the original and corrected
solutions clean as it ensures that solutions of (2.1) smoothly match onto those of (1.1) in
the limit that the matter becomes infinitely heavy and decouples, m → ∞. This choice is
discussed in some more detail in Sec. 3.1 and revisited later in Sec. 5.3.
• The natural size of the CC is |Λ| & O(m4) (at least), but we treat Λ as an arbitrary parameter.
• Integrating out heavy fields generates divergent ∼ R2 terms, hence we need to include such op-
erators in the bare action with bare coefficients. The renormalized values of these coefficients
are therefore incalculable and we just assume they are O(1), their natural size. Fortunately,
such terms do not change the solution at leading order; see Sec. 2.2.2.
• The remaining coefficients in (2.1) are finite and unambiguous.
• The action is an infinite expansion in powers of ∼ R/m2 and ∇2/m2, hence our perturbative
solution will only be trustworthy if we study regimes where these terms are small. In the
cases we consider, this translates into the conditions
rs  m−1 , |Λ|−1M2p  m−2 . (2.2)
Physically, both the black hole and the (A)dS length scale L(A)dS ∼
(|Λ|−1M2p )1/2 need to
be much larger than the Compton wavelength of the heavy particle. Otherwise, we’re not
working at length scales where heavy particle physics is negligible (for instance, we might
expect pair production to become rapid when the conditions in (2.2) are violated). Of course,
we also assume m−1  lp throughout, implying the hierarchy L(A)dS , rs  m−1  lp.
We now set the conventions for the precise higher derivative theory under study. The action is
written as I = IGR + I
∂4
EFT + I
∂6
EFT + . . . where
IGR ≡
∫
d4x
√−g
(
M2p
2
R− Λ
)
I∂
4
EFT =
∫
d4x
√−g (a1R2 + a2R2µν + aGBLGB)
I∂
6
EFT ≡
∫
d4x
√−gm−2
[
b1RR+ b2RµνRµν + c1RρσµνRµνκλRκλρσ + c2RRµνρσRµνρσ
+ c3R
3 + c4R
µ
νR
ν
ρR
ρ
µ + c5RR
µνRµν + c6R
µρRνσRµνρσ
]
, (2.3)
where LGB is the Gauss-Bonnet term
LGB ≡ R2 − 4RµνRµν +RµνρσRµνρσ . (2.4)
The action (2.3) forms a basis for all local operator up to sixth order in derivatives in d = 4,
after taking into account integrations by parts, Bianchi identities and the dimension dependent
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identities [10]
0 = Rµ[µ
ν
νR
ρ
ρ
σ
σR
κ
κ
λ
λ] , and 0 = R
µ
[µ
ν
νR
ρ
ρ
σ
σR
κ
κ] . (2.5)
See [11] for a study of bases of higher derivative operators in various dimensions (not accounting
for integrations by parts).
2.2 Metric Solution
Here we use the action (2.3) to find perturbative corrections to the solution (1.1).
2.2.1 Perturbative Expansion
The gravitational equations of motion (EOM) are solved perturbatively. Splitting the effective
action into its GR and EFT components (2.3), IGR and IEFT ≡ I∂4EFT + I∂
6
EFT + . . . we treat the
latter terms as O(~) corrections to IGR and find solutions to linear order in ~. In practice, this
means we work to first order in the {ai, bi, ci} EFT coefficients (2.3), as we mostly set ~ = 1.
The equations of motion for the metric gµν can be written as
Eµν [g] = 1
M2p
TEFTµν [g] , (2.6)
where Eµν [g] is the familiar GR equation of motion and TEFTµν is the effective stress tensor from the
EFT operators:
Eµν [g] ≡ Gµν + Λ
M2p
gµν
TEFTµν [g] ≡ −
2√−g
δIEFT
δgµν
. (2.7)
When used in their regime of validity, the EFT operators only generate slight deviations from
the Schwarzschild-(A)dS solution, so (2.6) can be solved perturbatively as an expansion about (1.1)
gµν = g¯µν + δgµν (2.8)
where δgµν is linear in the EFT coefficients. The first order correction is then found by evaluating
TEFTµν on the background solution, expanding Eµν [g¯ + δg] to linear order in the fluctuation and
solving for δgµν . Note what while we are working to linear order in EFT coefficients, we are working
non-linearly in all other factors. For instance, when we find corrections to the flat Schwarzschild
solution, we will work all orders in rs/r as is necessary to reliably explore the near horizon regime.
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2.2.2 R2 Terms
The ∼ R2 operators in I∂4EFT come with coefficients which are not unambiguously determined by
the properties of the heavy matter in the theory. Loops of both heavy matter fields and gravitons
themselves [12] generate divergent contributions to these coefficients which only tell us that the
natural size of their coefficient is O(1). These are also the leading terms in the derivative expansion
and hence they could be expected to generate the leading corrections the metric. It is then a
fortunate property of d = 4 that the contribution of ∼ R2 operators to TEFTµν is vanishing, at
leading order.
First, the Gauss-Bonnet combination would contribute non-trivially in d > 4, but becomes a
total derivative2 in four dimensions. The operators R2 and R2µν form a basis the remaining possible
four-derivative terms, but their contribution to TEFTµν is also vanishing in d = 4. Working in
d-dimensions, the contribution of I∂
4
EFT to the effective stress tensor is:
TEFTµν ⊃
4(d− 4)(d a1 + a2)Λ2
(d− 2)2M4p
g¯µν , (2.9)
after simplifying using identities and background equations of motion. It is therefore a special
property of d = 4 that I∂
4
EFT does not contribute to T
EFT
µν for arbitrary Λ, at first order (they never
contribute in any d for the special case Λ = 0, due to Ricci flatness of the background). This can
be understood as a consequence of the scale invariance of ∼ R2 terms in four dimensions.
2.2.3 R3 and R∇∇R Terms
Next are terms of the form ∼ R∇∇R and ∼ R3 in I∂6EFT, each of which comes with an unambiguous
coefficient. Evaluating these terms on the background (1.1) to find TEFTµν is straightforward, if
tedious. The relevant equations of motion can be easily derived and simplified using the excellent
xAct [16] package.
Performing the calculation, the non-trivial stress tensor components are found to be:
TEFTtt =
2∆(r)
9m2r9
[
(−2646c1 − 3564c2) r3s + (2430c1 + 3240c2)rr2s + (−594c1 − 756c2)
r3r2sΛ
M2p
+ (4c1 + 24c2 + 144c3 + 9c4 + 36c5 + 9c6)
r9Λ3
M6p
]
TEFTrr = −
2
9m2r9∆(r)
[
(270c1 + 972c2)r
3
s + (−486c1 − 1296c2)rr2s + (378c1 + 756c2)
r3r2sΛ
M2p
+ (4c1 + 24c2 + 144c3 + 9c4 + 36c5 + 9c6)
r9Λ3
M6p
]
2Though LGB doesn’t enter TEFTµν , and hence doesn’t alter the solution, it does affect black hole entropy [13–15],
so it’s kept in the action.
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TEFTθθ = −
2
9m2r7
[
(−1674c1 − 4536c2)r3s + (1458c1 + 3888c2)rr2s + (−270c1 − 756c2)
r3r2sΛ
M2p
+ (4c1 + 24c2 + 144c3 + 9c4 + 36c5 + 9c6)
r9Λ3
M6p
]
TEFTφφ = T
EFT
θθ sin
2 θ , ∆(r) ≡ 1− rs
r
− Λr
2
3M2p
. (2.10)
The above terms generate the leading corrections to the metric. Further corrections arising from ∼
R4 operators, for instance, are suppressed relative to (2.10) by factors of (mrs)
−2 and (mL(A)dS)−2.
Note that (2.10) is independent of the bi’s. The ∼ R∇∇R operators don’t contribute to TEFTµν ,
but each of the ci terms ∼ R3 do3. This is a leading order property which follows from the fact that
for the background solution (1.1) the Ricci tensor is directly proportional to the metric and hence
covariantly constant. The variations of both RR and RµνRµν only generate terms proportional
to a factor of ∇µRνσ which vanishes, a nice aspect of working in the basis (2.3). As a result, nearly
all subsequent formulas in this paper are independent of the bi’s.
2.2.4 The Solution
Given the above, solving for the perturbed metric is straightforward. Writing the solution as
gµνdx
µdxν ≡ −
(
1− rs
r
− Λr
2
3M2p
+ δg1
)
dt2 +
(
1− rs
r
− Λr
2
3M2p
+ δg2
)−1
dr2 + r2dΩ2 , (2.11)
understood to only be valid at first order in the δgi perturbations, we find:
δg1 = −C1rs
r
+ C2
(
1− rs
r
− Λr
2
3M2p
)
+ (10c1 + 36c2)
r3s
m2M2p r
7
− 24c2 r
2
s
m2M2p r
6
− 8c1 r
2
sΛ
m2M4p r
4
+
(
−8c1
27
− 16c2
9
− 32c3
3
− 2c4
3
− 8c5
3
− 2c6
3
)
r2Λ3
m2M8p
δg2 = −C1rs
r
+ (−98c1 − 132c2) r
3
s
m2M2p r
7
+ (108c1 + 144c2)
r2s
m2M2p r
6
+ (−44c1 − 56c2) r
2
sΛ
m2M4p r
4
+
(
−8c1
27
− 16c2
9
− 32c3
3
− 2c4
3
− 8c5
3
− 2c6
3
)
r2Λ3
m2M8p
. (2.12)
Higher derivative corrections spoil the equivalence between −gtt and g−1rr present in the background
solution (1.1).
Above, C1 are C2 are undetermined integration constants which are O(~), if ~’s are restored.
The coefficient C1 clearly corresponds to the arbitrary nature of choosing the Schwarzschild radius
of the black hole, so we mostly set C1 → 0 in this paper. For asymptotically flat black holes, this
3The bi’s never contribute in any dimension and only c1, c2 contribute non-trivially in the Ricci flat Λ→ 0 limit.
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ensures that the mass of the black hole in the higher derivative theory is the same as that of the
background GR solution4. In Sec. 5.3, however, we briefly discuss entropy bounds and hence are
interested in comparing black holes of fixed horizon area, in which case we effectively take C1 to
be non-zero. Meanwhile, C2 arises from the freedom to rescale time and is removed by sending
t→ (1− C2/2)t, treating C2 perturbatively. See Sec. 3.3.1 of [6] for related discussions on choosing
integration constants in higher derivative gravity
Higher derivative operators also alter the coefficient of the r2 terms in gtt and g
−1
rr , producing
an effective shift to the cosmological constant Λ→ Λeff where
Λeff
Λ
= 1 +
(
8c1
9
+
16c2
3
+ 32c3 + 2c4 + 8c5 + 2c6
)
Λ2
m2M6p
. (2.13)
The fractional correction has the same sign for either dS or AdS and is small when the EFT is
used in its regime of validity (2.2).
2.3 Horizons, Hawking Temperatures and Entropies
Given the solution (2.12), we can find how horizons, Hawking temperatures and entropies are
changed by heavy matter.
2.3.1 Horizons
We now study how horizons are shifted in various limiting cases.
If a horizon occurs at r = r¯h in the background metric (1.1), the higher derivative corrections
shift it to rh = r¯h + δr. Substituting into (2.11) and solving perturbatively, we find
δr = − M
2
p
9Λr¯8h
(
1− 3rsM2p
2Λr¯3h
)[(−135c1 − 486c2) r3s
m2M2p
+ 324c2
r2s r¯h
m2M2p
+ 108c1
r2s r¯
3
hΛ
m2M4p
+ (4c1 + 24c2 + 144c3 + 9c4 + 36c5 + 9c6)
r¯9hΛ
3
m2M8p
]
. (2.14)
We now evaluate (2.14) in various scenarios.
The following cases are simple limits of (2.14):
4This essentially follows from dimensional analysis. For GR, the ADM mass arises as MADM ∼
∫
d2σM2p (K −
Kflat). In the higher derivative theory, the appropriate generalized ADM mass expression should additionally contain
terms ∆MADM ∼
∫
d2σ
(
aiAi + biBi/m
2 + ciCi/m
2
)
with ai, bi, ci the dimensionless EFT coefficients in (2.3) and
Ai, Bi, Ci functions of intrinsic and extrinsic curvatures. Dimensional analysis (or explicit computation) demonstrates
that Ai, Bi, Ci must all fall off faster than ∼ 1/r2 and hence ∆MADM simply vanishes. Similarly, higher derivative
corrections to K (and Kflat) also fall off too quickly to affect the original MADM integral. The argument doesn’t
apply to asymptotically AdS spaces where higher derivative operators do alter the energy, see Sec. 2.4.
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• BH horizon with r2s l2p|Λ|  1, i.e. small black holes rs  L(A)dS . These exist for both AdS
and dS asymptotics and the preceding condition implies that the cosmological and black hole
horizons are far separated in the latter case. We find:
r¯h = rs +
1
3
r3s l
2
pΛ + . . .
δr
r¯h
= (−10c1 − 12c2)
(
l2p
m2r4s
)
+ . . . , (2.15)
where the ellipses contains terms suppressed by powers of rs/L(A)dS  1.
• BH horizon for r2s l2p|Λ|  1, i.e. large black holes rs  LAdS . As indicated, these are only
sensible for AdS asymptotics. We find:
r¯h =
(
rsL
2
AdS
)1/3 − 1
3
(
rsL
2
AdS
)1/3(LAdS
rs
)2/3
. . .
δr
r¯h
= (−14c1 − 28c2 − 96c3 − 6c4 − 24c5 − 6c6)
(
l2p
m2L4AdS
)
+ . . . , (2.16)
where the ellipses contains terms suppressed by powers of LAdS/rs  1.
• The cosmological horizon for r2s l2pΛ  1, i.e. small Schwarzschild-de Sitter black holes, rs 
LdS . We find:
r¯h = LdS − rs
2
+ . . .
δr
r¯h
= (−4c1 − 24c2 − 144c3 − 9c4 − 36c5 − 9c6)
(
l2p
m2L4dS
)
+ . . . (2.17)
where the ellipses contains terms suppressed by powers of rs/LdS  1.
Above, we’ve traded mass scales for length scales when convenient and given fractional corrections
to emphasize the perturbative nature of the calculation: δr/r¯h  1 when the EFT description is
valid (2.2).
A final interesting limit, which requires more detailed comment, are black holes in dS whose BH
and cosmological horizons are approaching one another: rs ≈ LdS . Naively, this case is problematic
as (2.14) diverges in this regime since
(
1− 3rs
2Λl2pr¯
3
h
)
tends towards zero, vanishing precisely when
the two horizons merge, yielding the Nariai metric:
g¯Nariaiµν = −∆N (r)dt2 + ∆N (r)−1dr2 + r2dΩ2 , ∆N (r) ≡
rs
r
(
1 +
r
3rs
)(
1− 2r
3rs
)2
. (2.18)
This solution corresponds to (1.1) with Λ = 4
9l2pr
2
s
.
Because of the double pole structure of ∆N (r) at the single horizon r =
3
2rs, the shift δr to
the horizon induced by higher order terms is proportional to the square root of the ci coefficients,
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rather than linear in ci’s as was implicitly assumed in deriving (2.14). Accounting for this rectifies
the divergence in the naive formula (2.14). Similar behavior occurs when finding the corrections to
extremal Reissner-Nordstom black holes due to QED effects [17].
It is straightforward to perturbatively solve for the shifted horizon for near-Nariai solutions.
Parameterizing the cosmological constant by Λ = 4
9l2pr
2
s
(1 + λ), |λ|  1, and writing the corrected
horizon as rh = r¯h + δr with r¯h =
3
2rs, we find
δr = ±3
2
rs
√
− 1
729
(128c1 + 256c2 + 1536c3 + 96c4 + 384c5 + 96c6)
(
lp
mr2s
)2
− λ
3
. (2.19)
If the net contribution of the ci terms in the argument of (2.19) is positive, then heavy fields have
caused the BH and cosmological horizons to separate from each other (for fixed λ). If the net
contribution is negative, then heavy fields cause the horizons to push towards each other and one
needs to take λ < 0 in order to prevent the horizons from passing through each other and generating
a naked singularity. We will not consider these near-Nariai black holes again in this paper, focusing
instead on the other three limits presented in this section. See [18–22] for interesting discussions of
Nariai physics.
2.3.2 Hawking Radiation
The Hawking radiation associated to the various horizons is easily calculated via standard Euclidean
gravity methods [23].
The solution (2.11) is of the form
ds2 = −f(r)dt2 + 1
g(r)
dr2 + r2dΩ2 (2.20)
and at each horizon, r = rh, both f(rh) and g(rh) vanish
5. We Euclideanize t → −iτ and probe
the near horizon limit by letting r = rh +
g′(rh)
4 ρ
2, yielding
ds2 =
f ′(rh)g′(rh)
4
ρ2dτ2 + dρ2 + r2hdΩ
2 + . . . (2.21)
A conical singularity at ρ = 0 is avoided only if we identify
τ ∼ τ + 4pi√
f ′(rh)g′(rh)
(2.22)
and this periodicity determines the Hawking temperature of the horizon
TH ≡ β−1 =
√
f ′(rh)g′(rh)
4pi
. (2.23)
5Though f(r) 6= g(r) for generic r, their zeros coincide. This must occur for the spacetime to be regular.
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Now we evaluate the Hawking temperature (2.23) for the three cases emphasized in the previous
section. We denote the background value of the temperature by T¯H and write the corrected value
as TH = T¯H + δTH . We have:
• For small black holes rs  L(A)dS , the BH horizon generates a temperature
T¯H =
1
4pirs
− Λl
2
prs
3pi
+ . . .
δTH
T¯H
= 4c1
(
l2p
m2r4s
)
+ . . . , (2.24)
where the ellipses contains terms suppressed by powers of rs/L(A)dS  1.
• For large SAdS black holes rs  LAdS , the BH horizon generates a temperature
T¯H =
3
4piLAdS
(
rs
LAdS
)1/3
+
1
12pirs
. . .
δTH
T¯H
= (4c1 + 32c2 + 192c3 + 12c4 + 48c5 + 12c6)
(
l2p
m2L4AdS
)
+ . . . , (2.25)
where the ellipses contains terms suppressed by powers of LAdS/rs  1.
• For small SdS black holes, rs  LdS , the cosmological horizon generates a temperature
T¯H =
1
2piLdS
− rs
2piL2dS
+ . . .
δTH
T¯H
= (4c1 + 24c2 + 144c3 + 9c4 + 36c5 + 9c6)
(
l2p
m2L4dS
)
+ . . . (2.26)
where the ellipses contains terms suppressed by powers of rs/LdS  1.
Above, we’ve traded mass scales for length scales when convenient and given fractional corrections
to emphasize the perturbative nature of the calculation: δTH/T¯H  1 when the EFT description is
valid (2.2): L(A)dS , rs  m−1  lp. Note that in the large AdS BH scenario, we should impose the
further restriction rs  LAdS(mLAdS)3, so that the Hawking temperature is much smaller than m.
Before moving on to entropy calculations, we should mention that Euclidean calculations in
Schwarzschild-dS are somewhat dubious. This is because preventing the existence of conical sin-
gularities at the black hole and cosmological horizons requires two different periodicities of τ ,
generically. This reflects the fact that the black hole and cosmological horizon will not typically
be in equilibrium with each other: the Hawking temperature associated to the black hole horizons
is usually much larger than that of the cosmological horizon, meaning that the black hole will not
typically be in thermal equilibrium with the cosmological heat bath. Only in the Nariai limit do
the two temperatures coincide [19]. Nevertheless, we will continue to work with Euclideanized SdS
spacetimes as they (at least) make sense in the rs → 0 or Λ→ 0 limits.
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2.3.3 Review: Entropy from the Replica Trick
Finally, we can calculate the entropy of the various horizons. The calculation can be done in many
ways, for instance via Wald’s formula and refinements thereof [24–26]. Here, we instead employ the
replica trick as presented by Lewkowycz and Maldacena in Sec. 3 of [27] (see references therein for
earlier related work).
In this section, we review the replica trick. This provides an extremely quick and efficient
method for calculating the horizon entropy in generic theories of gravity. In particular, it’s easy
to implement the method using computers. In the following section, we present the results of the
entropy calculation for generic, static d = 4 horizons for the higher derivative theory (2.3) and
evaluate the results in the limiting cases we’ve been focusing on.
Given a normalized density matrix ρˆ, Tr ρˆ = 1, the associated von Neumann entropy is
S ≡ −Tr ρˆ ln ρˆ . (2.27)
The trick begins by re-expressing the logarithm as:
S = − lim
n→1
∂n [ln ( Tr ρ
n)− n ln ( Tr ρ)] . (2.28)
In (2.28), ρ is an arbitrarily normalized density matrix related to ρˆ by a constant factor, ρ = Tr (ρ)ρˆ.
The second part of the trick is the interpretation of (2.28) in terms of Euclidean time evolution
and path integrals. Let H(τ) be some Hamiltonian describing our system of interest which is
periodic6 in imaginary time with τ ∼ τ + β. We can use H(τ) to build the (non-normalized)
density matrix
ρ = P exp
(
−
∫ τ2
τ1
dτ ′H(τ ′)
)
, (2.29)
where P is the Euclidean time ordering operator, following the notation of [27]. When taking the
trace of ρ, we adjust the integration limits to cover a single period
Tr ρ = TrP exp
(
−
∫ β
0
dτ ′H(τ ′)
)
. (2.30)
The above describes a system whose dynamics are periodic in τ under shifts of τ → τ + β and
which lives on a space whose Euclidean time coordinate also varies over this interval, 0 ≤ τ ≤ β.
We can then naturally interpret the Tr ρn term in (2.28) as the description of a system whose
dynamics are the same as those above (i.e. it evolves with the same Hamiltonian used in (2.29)
6We review the trick in the general scenario where H(τ) has a periodic shift symmetry in τ , but in all our cases
of interest this is enhanced to a full, continuous U(1) symmetry in the language of [27].
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and (2.30)), but which now lives on a space whose Euclidean time coordinate now varies over the
extended interval 0 ≤ τ ≤ nβ:
Tr ρn = P exp
(
−
∫ nβ
0
dτ ′H(τ ′)
)
. (2.31)
The system is evolved for n − 1 extra cycles in τ , resulting in n “replicas” of the original system,
see Fig. 1.
Figure 1: Setup of the replica trick. Time runs vertically, while horizontal slices represent
spatial sections. The dynamics of the original (left) system are periodic under τ → τ + β
and (anti)-periodic boundary conditions are also imposed, φ(0) = ±φ(β). The manifold
is then extended to length nβ, so that the fields now obey φ(0) = ±φ(nβ), though
the underlying Hamiltonian is unchanged and hence still periodic under τ → τ + β, as
indicated by the horizontal dashed lines.
Next, we can write the traces in terms of path integrals which can then be approximated by a
saddle point calculation. We have:
Tr ρ =
∫
Dφ e−I(1)E [φ] ≈ e−I(1)E [φ¯(1)] , (2.32)
where φ stands for all fields in the theory, I
(1)
E [φ] is the Euclidean action living on a space where
τ ranges over a single period 0 ≤ τ ≤ β (hence the (1) superscript) and φ¯(1) is the solution which
extremizes I
(1)
E [φ]. As usual, the path integral is restricted to configurations obeying (anti-)periodic
boundary conditions, φ(τ) = ±φ(τ + β), with the sign determined by the statistics of φ.
Similarly, the trace of ρn is given by
Tr ρn =
∫
Dφ e−I(n)E [φ] ≈ e−I(n)E [φ¯(n)] , (2.33)
where I
(n)
E [φ] is the Euclidean action living on a space where τ ranges over a n periods 0 ≤ τ ≤ nβ
(hence the (n) superscript) and φ¯(n) is the solution which extremizes I
(n)
E [φ]. Again, we only path
15
integrate over periodic configurations, but now with an extended period φ(τ) = ±φ(τ + nβ). The
actions I
(1)
E and I
(n)
E share the same lagrangian and boundary conditions and only differ in their
limits of integration. We are making the assumption here that, given some boundary conditions
for the metric, we can find a smooth solution for arbitrary n. The entropy is therefore given by
S = lim
n→1
∂n
(
I
(n)
E
[
φ¯(n)
]
− nI(1)E
[
φ¯(1)
])
. (2.34)
In our cases of interest, the actions in (2.34) will be gravitational and the metric configurations
contain a horizon. Then, when we study the Euclidean metrics which extremize the actions I
(1)
E
and I
(n)
E , the different Euclidean time intervals in the two cases enforce different near horizon
geometries, due to the requirement of avoiding conical singularities. The replica metric g¯
(n)
µν is not
equivalent to the familiar Euclideanized solution g¯
(1)
µν .
A final, particularly useful step is to analytically continue to n = 1 + , with  infinitesimal.
This allows us to avoid explicitly finding the n 6= 1 solution. Rather than evaluating I(1+)E on the
true solution, g¯
(1+)
µν , we can evaluate on any off-shell solution goffµν which differs from the true one
by an O() amount, since the error is second order in :
I
(1+)
E
[
g¯(1+)µν
]
= I
(1+)
E
[
goffµν
]
+O(2) . (2.35)
The configuration goffµν doesn’t solve the gravitational EOM and is simply chosen for convenience.
We only require that the true and off-shell metrics obey the same boundary conditions and that
goffµν not contain conical singularities (under the identification τ ∼ τ + (1 + )β).
As g¯
(1+)
µν and g¯
(1)
µν already differ only at O(), we can simply build the off-shell metric from g¯(1)µν
directly without ever considering the explicit form of g¯
(1+)
µν . We only need to insert O() factors
into g¯
(1)
µν to create goffµν , subject to the requirements of the previous paragraph. Therefore, we can
take goffµν and g¯
(1)
µν to coincide everywhere except in an infinitesimal neighborhood near the horizon,
where goff must be altered to avoid a conical singularity.
This is one of the conceptual advantages of the replica trick: it allows us to isolate the entire
non-trivial contribution to the entropy (2.34) to the horizon, rather than have it arise, for instance,
entirely from a boundary term at infinity, as it does in the standard Schwarzschild calculation
[23]. Relatedly, a significant practical advantage of the replica trick is that the contributions from
any Gibbons-Hawking-York type boundary terms [23, 28] cancel out completely, since goffµν and
g¯
(1+)
µν obey the same boundary conditions at infinity [27]. These properties7 allow us to treat
asymptotically dS, AdS and flat spacetimes in a single calculation.
This somewhat abstract discussion is put into concrete use in the following section, where we
derive a concrete expression for the entropy of spherically symmetric configurations for the action
7Wald’s entropy formula [24, 25] also shares these advantages.
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(2.3). For derivations of more general entanglement entropy formulas for generic theories of gravity
via the replica trick, see [29, 30]. We also present an explicit calculation of the dS4 entropy via the
replica trick in Appendix A.
2.3.4 Entropy: General Formulas and Limits
In this section, we apply the replica trick to general, spherically symmetric solutions of (2.3) and
examine the resulting expressions in our regimes of interest.
Let g¯
(1)
µν be the Euclideanized version of the generic, spherically symmetric metric (2.20),
g¯(1)µν dx
µdxν = f(r)dτ2 +
1
g(r)
dr2 + r2dΩ2 . (2.36)
We again assume that (2.36) has a horizon at r = rh, resulting in a periodicity τ ∼ τ + β with
β = 4pi/
√
f ′(rh)g′(rh) (2.23).
The off-shell configuration, goffµν , is then formed by taking (2.36) and inserting O() factors such
that no conical singularity is introduced if we now identify τ ∼ τ + (1 + )β. This procedure is
not unique. If ε(r) is a function equal to  at the horizon, ε(rh) = , but which quickly vanishes
as r is taken away from rh (so that any boundary conditions at infinity are preserved), then
we can build a regular off shell metric with the desired periodicity by replacing8, for instance,
f(r) → f(r) (1 + ε(r))−2. Alternatively, we could send g(r) → g(r) (1 + ε(r))−2 or work with the
more general metric
goffµνdx
µdxν =
f(r)
(1 + ε(r))2−α
dτ2 +
(1 + ε(r))α
g(r)
dr2 + r2dΩ2 , (2.37)
with α arbitrary. As for the function ε(r), we could, for instance, choose
ε(r) =  exp
(
−(r − rh)
2
`2
)
or ε(r) =  exp
(
−κ(r − rh)
`
)
(2.38)
where κ = ±1 with the sign determined by whether the horizon is cosmological (− sign) or that
of a black hole (+ sign). In (2.38), ` is a length scale which we take to zero at the end of the
calculation so that g¯
(1)
µν and goffµν only differ from each other infinitesimally close to the horizon.
The computation is entirely straightforward, when using a computer to compute curvature
tensors. In some more detail, letting LE[g] be the Euclidean lagrangian, we calculate
I
(1+)
E
[
g¯(1+)
]
= κ
∫ (1+)β
0
dτ
∫
rh
dr
∫
d2Ω
√
goff LE [goff ] +O(2)
I
(1)
E
[
g¯(1)
]
= κ
∫ β
0
dτ
∫
rh
dr
∫
d2Ω
√
g¯(1) LE [g¯(1)] (2.39)
8Similar procedures were used in [31].
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and derive the entropy via
S = ∂
(
I
(1+)
E
[
g¯(1+)
]
− (1 + )I(1)E
[
g¯(1)
]) ∣∣∣
=0
. (2.40)
In (2.39), the factors of κ simply ensure that the radial integrals are taken in the correct direction,
depending on whether the horizon is cosmological or that of a BH. The lower limit on both radial
integrals is determined by horizon position of g¯
(1)
µν and the upper limit depends on which type of
horizon we are considering.
The same entropy is found when using (2.37) with any value of α and either form of ε(r) in
(2.38). The answer for g(r) 6= f(r) is, however, slightly unwieldy and relegated to Appendix B
since, for the cases we’re interested in and at the order we work to, we only require the result in
the g(r)→ f(r) limit, which is considerably cleaner. Writing the total entropy as the familiar GR
area law result SA ≡ A4GN = 8pi2 (rh/lp)
2 and a correction, S = SA + ∆S, we find
∆S = −16pi2 (−(4a1 + 4aGB) + (8a1 + 2a2)rhf ′ + (2a1 + a2)r2hf ′′)
− 16pi
2f ′
m2rh
(
8b1 − (4b1 + 2b2)rhf ′ + (8b1 + 2b2)r2hf ′′ + (2b1 + b2) r3hf ′′′
)
+
4pi2
m2r2h
[
(16c2 + 48c3 + 8c5)− (192c3 + 32c5 + 8c6)rhf ′ − (16c2 + 48c3 + 8c5)r2hf ′′
+ (16c2 + 192c3 + 12c4 + 48c5 + 12c6)r
2
hf
′2 + (32c2 + 96c3 + 12c4 + 32c5 + 8c6)r3hf
′f ′′
+ (12c1 + 12c2 + 12c3 + 4c4 + 8c5 + 4c6)r
4
hf
′′2
]
. (2.41)
Above, primes are radial derivatives, arguments of f are suppressed and all functions are evaluated
at the horizon, r = rh. We’ve also replaced a |f ′| (arising from the periodicity β ∝ 1/|f ′|) with the
equivalent expression |f ′| = κf ′, a step which removes all factors of κ.
Now we evaluate the entropy for the three cases emphasized in the previous sections, working to
first order in EFT coefficients. We write the total entropy as S = S¯+ δS where S¯ is the entropy of
the horizon in pure GR and δS is the correction which is first order in EFT coefficients. We have:
• For small black holes rs  L(A)dS , the BH horizon entropy is
S¯ = 8pi2
(
rs
lp
)2
+
16
3
pi2Λr4s + . . .
δS
S¯
= 8aGB
(
lp
rs
)2
+ 4c1
(
lp
mr2s
)2
+ . . . , (2.42)
where the ellipses contains terms suppressed by powers of rs/L(A)dS  1.
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• For large SAdS black holes rs  LAdS , the BH horizon entropy is
S¯ = 8pi2
(
L2AdSrs
l3p
)2/3
− 16
3
pi2
(
LAdS
lp
)2
+ . . .
δS
S¯
= −(48a1 + 12a2)
(
lp
LAdS
)2
+ . . .
+ (−28c1 + 16c2 + 672c3 + 42c4 + 168c5 + 42c6)
(
lp
mL2AdS
)2
+ . . . , (2.43)
where the ellipses contains terms suppressed9 by powers of LAdS/rs  1.
• For small SdS black holes, rs  LdS , the cosmological horizon entropy is
S¯ = 8pi2
(
LdS
lp
)2
− 8pi2
(
LdSrs
l2p
)
+ . . .
δS
S¯
= (48a1 + 12a2 + 8aGB)
(
lp
LdS
)2
+ (16c1 + 96c2 + 576c3 + 36c4 + 144c5 + 36c6)
(
lp
mL2dS
)2
+ . . . (2.44)
where the ellipses contains terms suppressed by powers of rs/LdS  1.
Above, we’ve traded mass scales for length scales when convenient and given fractional corrections
to emphasize the perturbative nature of the calculation: δS/S¯  1 when the EFT description is
valid (2.2), L(A)dS , rs  m−1  lp. Again, Euclidean SdS calculations are conceptually confusing
for the reasons discussed at the end of Sec. 2.3.2. For dS asymptotics, the periodicities associated
to the black hole and cosmological horizons ((2.25) and (2.26), respectively) were used in the
calculations (2.42) and (2.44), respectively.
The above results require a few comments. First, in each result (2.43), (2.43) and (2.44),
the correction δS is dominated by the ai coefficients, assuming the ai’s are at least as large as
their natural O(1) value. The contributions from the ci’s are suppressed by factors of (mrs)−2 or
(mL(A)dS)
−2 and the contributions from bi’s (not included above) are smaller yet. However, because
the value of the ai’s is ambiguous, we will mostly concentrate on the ci terms which represent the
leading corrections which are unambiguously determined by the theory’s matter content.
Next, the six-derivative operators contribute to δS both through shifts in the area law term
(since the ci operators shift the horizon location) and through their non-area law corrections to
the general form of the entropy. These two effects are the same order of magnitude. For instance,
the ∼ R3 operators shift the horizon of a Schwarzschild black hole by an amount δrh ∼ rs
(
l2p
m2r4s
)
9For instance, the Gauss-Bonnet term’s contribution is δS/S¯ ⊃ 8aGB
(
lp
LAdS
)2 (
LAdS
rs
)2/3
.
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which changes the area law term by δSA ∼ rsδrh/l2p ∼ (mrs)−2 and an operator ∼ R3/m2 also
contributes δS ∼ (mrs)−2 to the entropy, by dimensional analysis.
Finally, we should compare the results obtained via the replica trick to others’ results obtained
through different means. Reference [2] considered the effect of ∼ R3 operators on Schwarzschild
black holes in d = 4 and determined the correction to the entropy both by evaluating the free energy
of the solution and by using the thermodynamic relation δE = TδS. After using the identities (2.5)
to map their action to ours, we find perfect agreement. Next, [3] generalized the results of [2] to
arbitrary d while also including the ∼ R2 operators in I∂2EFT (2.3). They calculated the entropy
using Wald’s formula and their results agree with ours in the d→ 4 limit. In particular, they find
the same contribution from the Gauss-Bonnet term10, S ⊃ 64pi2aGB, which is common to every
horizon due to the topological nature of LGB.
2.4 The First Law
Given the corrected expressions for the Hawking temperature and entropy, we can explore the first
law δE = TδS in the cases of both asymptotically flat and large AdS black holes.
Lu and Wise [2] previously found the corrections to Schwarzschild black holes from higher
derivative operators and confirmed that the first law holds. As we agree with their results, it is
no surprise that we also find the first law to be satisfied. The corrected Hawking temperature and
entropy are, to first order,
TH =
1
4pirs
+
c1
pim2M2p r
2
s
S = 8pi2M2p r
2
s + 64pi
2aGB +
32c1pi
2
m2r2s
. (2.45)
Varying rs → rs + δrs, we find
THδS = 4piM
2
p δrs = δM = δEADM , (2.46)
as rs ≡M/(4piM2p ), and so the first law holds. Above, we’ve noted that the energy of asymptotically
flat black holes is not shifted from its GR value due to higher derivative corrections, EADM = M ,
due to the reasoning in Footnote 4.
The situation is different for large AdS black holes, however. For instance, the ai operators
do not alter the solution at first order in d = 4 (2.9) and hence they don’t change the Hawking
temperature of large AdS black holes. However, they do change the entropy (2.43) and hence they
must also affect the AdS (free) energy if δE = TδS is to hold.
10See also, for instance, [13, 15] who find the same result and [14] who differ by a factor of two.
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Calculating TδS from (2.25) and (2.43), we deduce that the corrected AdS free energy expression
is just a rescaling of the original result:
EAdS = M ×
(
1− (48a1 + 12a2)
M2pL
2
AdS
+
(−24c1 + 48c2 + 864c3 + 54c4 + 216c5 + 54c6)
m2M2plL
4
AdS
. . .
)
. (2.47)
The ai terms represent the largest correction, but these coefficients are not primarily determined by
the properties of the heavy matter fields in the theory. Rather it’s the coefficients of the (classically)
irrelevant operators which are dictated by heavy matter and hence we retain the ci’s contributions
above, too.
The corrections due to ai terms in (2.47) agrees with [6] who found the explicit boundary stress
tensor for four-dimensional AdS gravity with quadratic ∼ R2 operators added to the action. It
would be interesting to explicitly calculate the contribution of ∼ R3 operators to the holographic
stress tensor [32] and confirm the contribution of the ci’s in (2.47), but we leave this to future work.
3 Effective Actions
In this section, we discuss the construction of the effective action which arises when heavy fields
are integrated out and present the results of specific calculations. The presentation is somewhat
brief and schematic as the ideas and results are standard.
3.1 Integrating Out Heavy Matter
Given some set of heavy matter fields, denoted by Φ, described by an action Im[Φ, gµν ], we can
capture the small effects of these fields on low energy physics by simply integrating them out of the
action. In the context of gravitational physics, we can split the action into one part which depends
on the heavy matter and another which is purely gravitational
I = Igrav[gµν ] + Im[Φ, gµν ] . (3.1)
At low energies, it is then appropriate to work with the EFT generated by integrating out Φ:
exp (iIEFT[gµν ]) ≡
∫
DΦ exp (iIgrav[gµν ] + iIm[Φ, gµν ]) . (3.2)
There are two practical issues in calculating (3.2): the answer cannot be computed exactly and
it is also divergent. Both issues are easily dealt with.
First, the path integral admits an expansion in powers of Rµνρσ/m
2 and ∇2/m2, where m is the
mass of the heavy particle; see Appendix C. Operators generated via the path integral only induce
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small effects at low energies and one can consistently truncate the action at a given order in this
derivative expansion. Working to six-derivative order is sufficient for the interests of this paper, for
example.
Second, divergences are treated in the standard way by introducing counterterms and renormal-
ized quantities. For instance, integrating a generic field Φ of mass m will generate a divergent term
∝ R. Using dimensional regularization with d = 4−δ, this divergence will enter the effective action
as
exp (iIEFT[gµν ]) = exp
(
iIgrav[gµν ] + i
∫
d4x
√−g bm
2
(4pi)2
(
1
δ
− 1
2
lnm2/µ2
)
R+ . . .
)
(3.3)
where b is some O(1) number and µ is the arbitrary RG scale. Within Igrav, there’s a corresponding
“bare” ∼ R term
Igrav[gµν ] =
M2(b)
2
∫
d4x
√−g R+ . . . , (3.4)
where M(b) is the bare Planck mass. The divergence is dealt with by defining
M2(b) = M
2
p −
1
δ
2bm2
(4pi)2
(3.5)
which also defines the renormalized Planck mass, Mp, which is what appears in physical expressions.
This procedure also determines the one-loop beta functions of the theory. Focusing on the
Planck mass still, the effective action contains the terms
IEFT[gµν ] =
∫
d4x
√−g
(
M2p
2
− bm
2
2(4pi)2
lnm2/µ2
)
R+ . . . . (3.6)
Above, µ is an entirely arbitrary scale whose value cannot affect physical results. This means
that M2p must also depend on µ and its dependence is determined by demanding that IEFT be
µ-independent11
dM2p
d lnµ
≡ β(M2p ) = −
2bm2
(4pi)2
. (3.7)
This beta function is only valid for energy scales µ m. At low energies heavy matter decouples
and we can take β(M2p ) to vanish for µ m [34] so that the behavior of M2p is roughly
M2p (µ) =
M2p (m)− bm
2
(4pi)2
lnµ2/m2 µ m
M2p (m) µ m
, (3.8)
11This is sufficient for the present applications, but more generally one also has to account for wavefunction
renormalization and the procedure for finding beta functions and anomalous dimensions is (only slightly) more
complicated. See [33] for the more general treatment.
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where any running from other possible diagrams was ignored and M2p (m) is the value of M
2
p at
µ ≈ m. In four dimensions, there are also divergences corresponding to the Cosmological Constant
and the ∼ R2 operators whose corresponding beta functions are determined similarly to the above.
In each of these cases, the renormalized value of the coupling of interest are strongly determined by
UV physics, not just by properties of the heavy matter fields. As discussed before, we are tuning
bare parameters so that the GR and EFT actions share the IR same values of Mp and Λ.
Most importantly, there are finite contributions from the path integral which are unamgibuously
determined by the properties of the matter field. Heavy fields generate operators of the form
∼ Rn/m2(n−2), n ≥ 3, for instance, which are suppressed by appropriate powers of m and come
with finite numerical factors. Such irrelevant operators are then added to those which may have
already existed in the gravitational action Igrav (3.1). However, it is natural to expect that these
latter operators are negligible, as compared to those those we’ve just generated. This is because
the irrelevant operators already included in Igrav should be suppressed by a much larger energy
scale, some ΛUV  m, corresponding to even heavier physics which has already been integrated
out. These operators therefore look like ∼ Rn/Λ2(n−2)UV and are overtaken by the new ∼ Rn/m2(n−2)
terms. Thus, in what follows we will calculate the leading, irrelevant operators which arise from
different forms of matter and take them to be the dominant terms in the expansion.
When calculating the leading results of the path integral, we work with flat space propagators for
all of the matter fields. This is appropriate for the scenarios under consideration, as we’re taking
the Compton wavelength of the heavy fields, m−1, to be much smaller than all other curvature
length scales in the problem. In this regime the matter feels as though it is in flat space.
Our treatment also misses some non-perturbative effects which aren’t captured by effective ac-
tions, such as the exponentially suppressed ∼ e−m/H signatures of particle production in dS recently
studied in [35, 36]. Such contributions are expected to be negligible, since their characteristic ex-
ponential suppression is much stronger than the power law suppression arising from the higher
derivative operators under study.
3.2 Application to Scalars, Fermions and Vectors
In this section, we quickly discuss the calculation of the path integral for free, minimally coupled
scalars, Dirac fermions and vector fields, each of mass m. Since we’re considering only non-self-
interacting fields, the path integrals in each case yield relatively simple functional determinants.
The scalar action is
Im[φ] =
1
2
∫
d4x
√−g φ (−m2)φ (3.9)
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and integrating out φ yields the familiar result12∫
Dφ exp iI[φ] = exp
(
−1
2
Tr ln
(
−m2)) . (3.10)
The fermion action is
Im[ψ, ψ¯] =
∫
d4x det(e) ψ¯
(
i /∇−m)ψ (3.11)
where eµ
a is the vielbein and /∇ the spinor covariant derivative written in terms of the spin con-
nection ωµbc:
/∇ ≡ γaeµa
(
∂µ +
1
4
γbγcωµbc
)
, ωµbc ≡ eβbeσcΓβσµ − eσc∂µeσb , (3.12)
with γa the usual gamma matrices. The resulting functional determinant is:∫
DψDψ¯ exp iIm[ψ, ψ¯] = exp Tr ln(i /∇−m) . (3.13)
There’s no factor of −1/2 in front of the trace due to the complex, grassmannian nature of the
fields.
Finally, we treat the massive vector field. We study these in isolation, though they should of
course be UV completed via some Higgs field which we’re taking to be much heavier than the
vector. We perform the calculation in two different ways. The starting point is the action
Im[Aµ] =
∫
d4x
√−g
(
−1
4
F 2µν −
m2
2
A2µ
)
. (3.14)
The path integral can be performed directly to yield∫
DAµ exp iIm[Aµ] = exp
(
−1
2
Tr ln
(
δµν −∇ν∇µ −m2δµν
))
, (3.15)
where the covariant derivatives are to be treated as acting only on the µ index of δµν . The functional
determinant can then be evaluated perturbatively, but there’s a mild technical annoyance: the
massive vector propagator is Dµν(p) ∝
(
ηµν + pµpν/m
2
)
/(p2 + m2) which is undesirable for two
reasons. First, it (roughly speaking) goes to a constant in the UV, rather than falling off as
Dµν ∼ p−2 and, second, the pesky ∼ pµpν factors result in rather complicated loop integrals.
A more clever treatment of the massive vector borrows standard techniques from studies of
spontaneously broken gauge theories. We use the Stuckelberg trick [37], nicely reviewed in [38],
and consider the action we get by replacing Aµ → Aµ + 1m∂µpi in (3.14):
Im[Aµ, pi] =
∫
d4x
√−g
(
−1
4
F 2µν −
m2
2
A2µ −
1
2
(∂µpi)
2 −mAµ∂µpi
)
. (3.16)
12In the logarithm, we’ve dropped a
√−g factor, as its contribution is vanishing in dimensional regularization:
Tr ln
√−g(−m2) = Tr ln√−g + Tr ln(−m2) and Tr ln√−g ∝ δd(0), which vanishes in this regularization.
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Though we’ve introduced a new scalar field pi(x), the theories (3.16) and (3.14) are equivalent, since
(3.16) has also gained the gauge symmetry
Aµ → Aµ + ∂µχ , pi → pi −mχ . (3.17)
Essentially, we’ve reintroduced the Goldstone mode pi(x) which would appear after Higgsing.
The technical advantage in using this trick is that it allows us to remove the ∼ pµpν terms
in the vector propagator, greatly simplifying the calculation. We accomplish this by gauge fixing
and going to Feynman-’t Hooft gauge where propagators take on the much more manageable
D(p) ∼ ηµν/p2 form. Following the usual Faddeev-Popov procedure and using the gauge fixing
function G = ∂µAµ +mpi results in the action
Im[Aµ, pi, c, c¯] =
∫
d4x
√−g
(
1
2
AµAµ − m
2
2
A2µ +
1
2
pi
(
−m2)pi + c¯ (−m2) c) , (3.18)
where c, c¯ are the ghost fields. The path integral yields∫
Dc¯DcDpiDAµ exp iIm[Aµ, pi, c, c¯] = exp
(
−1
2
Tr ln
(
δµν −m2δµν
)
+
1
2
Tr ln
(
−m2)) , (3.19)
which is far simpler to calculate than (3.15). Again,  in the first term of (3.19) only acts on the µ
index of δµν and the overall +1/2 coefficient in the second term came from the combination of the
real scalar field and complex, grassmannian scalar ghost fields in (3.18).
All of the traces were calculated perturbatively to sixth order in derivatives using the rules in
Appendix C and extensive use of the xAct package [16]. In particular, both (3.15) and (3.19)
yielded the same answer. The results for the beta functions are13
Matter β(Λ) β(M2p ) β(a1) β(a2) β(aGB)
Scalar m
4
2(4pi)2
m2
3(4pi)2
− 1
120(4pi)2
− 1
60(4pi)2
− 1
180(4pi)2
Fermion − 2m4
(4pi)2
2
3
m2
(4pi)2
1
30(4pi)2
− 1
10(4pi)2
− 7
360(4pi)2
Vector 32
m4
(4pi)2
− m2
(4pi)2
7
120(4pi)2
− 13
60(4pi)2
1
15(4pi)2
, (3.20)
while the finite bi’s are found to be
Matter b1 b2
Scalar 1
672(4pi)2
1
1680(4pi)2
Fermion − 1
560(4pi)2
1
168(4pi)2
Vector − 9
1120(4pi)2
3
112(4pi)2
(3.21)
13In previous versions of this manuscript the numerical values of β(a1) and β(a2) were incorrect, as the results
of the one-loop calculation were mistakenly matched to L∂4EFT = a1R2 + a2R2µν + aGBR2µνρσ, rather than L∂
4
EFT =
a1R
2 + a2R
2
µν + aGBLGB with LGB as in (2.4). This error had no effect on our conclusions.
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and, finally, the finite ci’s are given by
Matter c1 c2 c3 c4 c5 c6
Scalar 1
30240(4pi)2
1
1680(4pi)2
1
1680(4pi)2
1
1512(4pi)2
− 1
504(4pi)2
1
630(4pi)2
Fermion − 1
7560(4pi)2
1
2520(4pi)2
1
560(4pi)2
43
7560(4pi)2
− 13
1008(4pi)2
1
63(4pi)2
Vector 1
10080(4pi)2
− 1
1008(4pi)2
1
2520(4pi)2
− 37
2520(4pi)2
− 11
1260(4pi)2
11
252(4pi)2
. (3.22)
We can compare the finite bi and ci coefficients to Table 1 of [39], for instance, which performs
the same calculation using covariant, proper time techniques. We find agreement after accounting
for dimension-dependent identities [10], up to the fact that our result for the Dirac fermions is
exactly twice as large as theirs. It seems that the factor of two14 which appears in front of the
functional determinant when integrating out complex fields may have been lost in [39].
4 Results for Asymptotically Flat, dS and AdS Spacetimes
In the following sections, we collect the results for asymptotically flat, dS and AdS spacetimes
evaluating our general formulas on the specific EFT coefficients (3.21) and (3.22) derived in the
previous section. We present the results for the case where we’ve integrated out a single scalar,
fermion or vector of mass m. The extension to multiple species is trivial.
4.1 Asymptotically Flat Black Holes
Start with the asymptotically flat case.
Up to higher order corrections, the horizon of asymptotically flat black holes now occurs at:
rh = rs +
1
241920pi2
(
l2p
m2r3s
)
×

−113 scalar
−52 fermion
+165 vector
(4.1)
and the corrected Hawking temperature is given by
TH =
1
4pirs
+
1
483840pi3
(
l2p
m2r5s
)
×

+1 scalar
−4 fermion
+3 vector
(4.2)
14Reference [7] studies non-minimally coupled matter fields and their EFT coefficients very nearly coincide with
ours in the minimally coupled limit (after taking into account conventions and identities). The only coefficient which
causes any discrepancy is their α
(1/2)
6 in Table I of [7] which reads −25/376, but which we believe should read −25/378.
For instance, all other α
(1/2)
i ’s are exactly twice as large as the corresponding ci’s in Table I of [39] and this would
also be true of α
(1/2)
6 if it took on the value −25/378.
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where the first terms in (4.1) and (4.2) are GR answers and the second terms are the leading
correction from the EFT operators. We discuss the signs appearing above in Sec. 5.
The corrected entropy is
S = 8pi2
(
rs
lp
)2
+ 64pi2aGB +
1
15120
(
1
mrs
)2
×

+1 scalar
−4 fermion
+3 vector
(4.3)
where the first term in (4.3) is the GR answer, the second term is the leading correction from the
ai EFT operators and the third term is the leading correction from the six-derivative, ci operators
(the bi’s don’t contribute at leading order). The result (4.3) agrees with the findings of [7] in the
scalar and vector cases, but not for fermions where our answer is precisely twice as large as theirs;
see their (35)-(37) (after some translation, in the appropriate limit).
Note that shifts to the the Hawking temperature and black hole entropy, but not the horizon
radius, vanish completely if the matter content is SUSY-like15 in the sense that all species have the
same mass and that they collectively induce no running for the cosmological constant. That is, the
running of Λ from heavy matter is
β(Λ) =
m4
2(4pi)2
(
N0 − 4N1/2 + 3N1
)
(4.4)
where Ns is the number of spin-s particles of mass m in the spectrum, and the corrections are also
proportional to this same factor, δTH ∝ δS ∝
(
N0 − 4N1/2 + 3N1
)
/m2. It would be interesting to
see if this property persists at higher orders.
4.2 Large, Asymptotically AdS Black Holes
Next, we study asymptotically AdS black holes. We focus on large black holes, rs  LAdS , as the
changes to small AdS black holes are essentially the same as in Sec.4.1 and, treated thermodynam-
ically, small black holes never dominate the ensemble anyway.
Up to higher order corrections, the horizon for a large BH in AdS occurs at
rh =
(
rsL
2
AdS
)1/3
+
1
241920pi2
(
rs
LAdS
)1/3( l2p
m2L3AdS
)
×

−607 scalar
−8 fermion
+363 vector
(4.5)
15We thank Guilherme Pimentel for discussions on this point.
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and the corrected Hawking temperature is given by
TH =
3
4piLAdS
(
rs
LAdS
)1/3
+
1
161280pi3
(
rs
LAdS
)1/3( l2p
m2L5AdS
)
×

+493 scalar
−40 fermion
−201 vector
, (4.6)
where the first term in (4.5) and (4.6) is only the leading part of GR answer and the second term
is the leading correction from the EFT operators.
The corrected entropy is
S = 8pi2
(
L2AdSrs
l3p
)2/3
− (384a1 + 96a2)pi2
(
rs
LAdS
)2/3
+
1
15120
(
1
mLAdS
)2( rs
LAdS
)2/3
×

+1283 scalar
−386 fermion
−15 vector
(4.7)
where the first term in (4.7) is the leading part of the GR answer, the second term is the leading
correction from the ai EFT operators and the term on the second line is the leading correction
from the six-derivative, ci operators (the bi’s don’t contribute at leading order).
Finally, we evaluate the corrections to the AdS free energy (2.47). Up to higher order corrections,
we find
EAdS = M − (48a1 + 12a2)M
(
1
M2pL
2
AdS
)
+
1
20160pi2
M
(
1
m2M2pL
4
AdS
)
×

+296 scalar
−71 fermion
−36 vector
. (4.8)
4.3 Asymptotically dS Spacetimes
Finally, we consider asymptotically dS spacetimes. We focus on the changes regarding the cosmo-
logical horizon, as the corrections to the BH horizon are essentially the same as in the previous
section, for small black holes.
Up to higher order corrections, cosmological horizon now occurs at
rh = LdS +
1
120960pi2
(
l2p
m2L3dS
)
×

−370 scalar
+31 fermion
+150 vector
(4.9)
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and the corrected Hawking temperature is given by
TH =
1
2piLdS
+
1
241920pi3
(
l2p
m2L5dS
)
×

+370 scalar
−31 fermion
−150 vector
(4.10)
where the first term in (4.9) and (4.10) is only the leading part of GR answer (for SdS) and the
second term is the leading correction from the EFT operators. Note that the Hawking temperature
is fully dictated by the change to the effective LdS radius, TH = (2pirh)
−1.
The corrected entropy is
S = 8pi2
(
LdS
lp
)2
+ 32pi2 (12a1 + 3a2 + 2aGB) +
1
3780
(
1
mLdS
)2
×

+370 scalar
−31 fermion
−150 vector
(4.11)
where the first term in (4.11) is the leading part of the GR answer, the second term is the leading
correction from the ai EFT operators and the third term is the leading correction from the six-
derivative, ci operators (the bi’s don’t contribute at leading order).
Finally, for cosmological purposes, the result (4.9) is perhaps better recast a perturbative correc-
tion to the Hubble constant. From (2.13), we find that the usual coefficient of the ∼ r2 component
of the metric has changed from H2 ≡ L−2dS = Λ3M2p to an effective value H
2
eff given by
H2eff, scalars =
Λ
3M2p
+
1
544320pi2
(
Λ
3M2p
)(
Λ2
m2M6p
)
×

+370 scalar
−31 fermion
−150 vector
. (4.12)
The corrections are interesting, but miniscule, as we discuss in Sec. 5.4.
5 Interpretation
We now provide some discussion and interpretation regarding the results of Sec. 4.
5.1 Corrections to Schwarzschild Horizon
There’s a very natural interpretation for the signs which arise in the correction to the horizon
distance of asymptotically flat black holes (4.1). However, when probed in finer detail, the naive
explanation appears to be much less convincing. We present the naive interpretation and then
discuss the ways in which it’s lacking.
29
The temptation is to conclude that the sign on the correction is uniquely determined by the sign
on the Planck Mass beta function (3.20) which follows from vacuum polarization diagram for each
particle species. More conveniently, if we work with the beta function for Newton’s constant,
β(GN ) =
−β(M2p )
8piM4p
=
m2G2N
6pi
×

−1 scalar
−2 fermion
+3 vector
, (5.1)
by comparing against (4.1) one finds that in theories where β(GN ) < 0, the horizon is slightly
smaller than in pure GR, rh < rs, and vice versa for negative β(GN ).
Figure 2: Left: Cartoon of electromagnetic vacuum polarization surround a charge Q.
Right: Cartoon of gravitational vacuum polarization surrounding black hole of mass M .
Due to the virtual pairs surrounding the source, an observer sees an effective charge or
mass determined not only by the large source, but also by the (net) number of virtual
particles enclosed by their Gauss’s law sphere.
This is exactly what one would naively expect. The sign on β(GN ) determines whether gravity
becomes weaker (β(GN ) < 0) or stronger (β(GN ) > 0) as we pass to shorter and shorter distance
scales. It is the direct analogue of the running of gauge couplings due to vacuum polarization by
virtual particle-antiparticle pairs in gauge theories16, see Fig. 2. Very, very roughly an observer
sitting a distance r from the black hole experiences a potential V ∼ GN (r)Mr , where we’ve set
µ = r−1. Comparing to an equal mass black hole in pure GR, in which GN = G¯N = constant, and
tuning the EFT so that GN (r → ∞) = G¯N , an observer in an EFT with β(GN ) < 0 should feel
a smaller potential at any given radius, as compared to GR: GN (r)M/r ≤ G¯NM/r with equality
holding only at r → ∞. Thus, when β(GN ) < 0 gravitational fields are weaker, as compared to
16The concept of virtual pairs polarized by gravitational fields is far more confusing than its electromagnetic
analogue. See [40] for a discussion of “gravitational dipoles” consisting of positive and negative energy particles,
inspiring the sketch in Fig. 2.
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their GR counterparts, and the black hole horizon should occur at a smaller radius. Vice versa for
β(GN ) > 0.
One should be extremely cautious about taking the above too seriously. When examined in
greater detail, the explanation is left wanting in multiple ways:
• Heavy matter only contributes to the running of GN at energies µ & m where the heavy
field hasn’t yet decoupled [34]. We’re instead probing physics at huge, macroscopic scales
µ . r−1s  m where GN should be treated as constant and hence gleaning any long
distance information from the sign of β(GN ) is an enormous extrapolation.
• The diagrams which determine the running and the corrections to the metric aren’t the same:
β(GN ) is determined solely through the standard vacuum polarization diagram with two
external gravitons, whereas the ci EFT operators (2.3) responsible for the leading corrections
to the Schwarzschild solution arise from triangle diagrams with three external gravitons.
• Studying the metric far from the black hole by expanding about flat space, gµν = ηµν + hµν ,
the leading long-distance corrections actually have the opposite effect to what we previously
inferred via the sign on β(GN ):
h00 =
rs
r
+
1
3360pi2
r2s
m2M2p r
6
×

+3 scalar
+2 fermion
−5 vector
+ . . . (5.2)
Comparing to (5.1), one finds that when β(GN ) < 0 the potential is actually larger than its
GR counterpart, and vice versa for β(GN ) > 0. If the result (5.2) persisted at all distances,
we’d have found that negative (positive) β(GN ) corresponded to a larger (smaller) horizon,
but the . . . in (5.2) contains terms suppressed by factors of rs/r relative to the results shown.
These are negligible far from the black hole, but crucial in the near horizon region r ∼ rs and
the numbers work out so that the result (4.1) is obtained.
• Similar intuition leads us astray in the case of charged black holes in full QED. The QED beta
function is β(e) = + e
3
12pi2
> 0, meaning that one expects to feel a larger and larger effective
charge as a source is approached. Black holes with larger charges have smaller horizons and
hence we expect the ∼ RFF and ∼ F 4 operators generated by integrating out the electron
to cause the black hole horizon to shrink, relative to its Einstein-Maxwell counterpart with
the same asymptotic charge and mass. Instead, the horizon grows [1, 17].
Therefore, the fact that the sign on the correction to the horizon radius tracks the sign on β(Mp)
appears likely to be a coincidence rather than a deep, physical fact, despite the intuitive appeal of
the naive argument.
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5.2 Temperature
One expects the existence of heavy particles to affect Hawking temperatures through both on-shell
and off-shell processes. In the former case, additional species lead to additional channels that black
holes can decay into. This should raise the Hawking temperature. In the latter case, virtual,
off-shell effects alter the geometry directly, modifying the acceleration and redshift factors which
determine the temperature felt by an observer at infinity, for the case of black hole horizons. The
intuition for whether such off-shell effects should increase or decrease TH is far less clear. The
mixture of signs on the corrections to TH ((4.2), (4.6) and (4.10)) can be understood as a result of
the fact that we’ve only calculated the off-shell effects (which are expected to dominate).
The signature of direct, on-shell particle creation is their non-perturbative, exponentially sup-
pressed production. The inherently perturbative calculations we’ve performed miss such effects
completely. The situation is analogous to the study of the Euler-Heisenberg action where the
perturbative evaluation of the functional determinant or a matching calculation is sufficient for
deriving the first few terms in the effective action,
L = − 1
4e2
F 2µν +
7
90(4pi)2m4
FµνF
ν
ρF
ρ
σF
σ
µ − 1
36(4pi)2m4
(FµνF
µν)2 + . . . , (5.3)
which describe the backreaction of virtual electrons on the photon field, but a non-perturbative
calculation is required to calculate the production rate of real e+ − e− pairs in a constant electric
field background Γ ∼ exp (−m2/eE) [41, 42].
We’ve only calculated the analogue of (5.3) for our gravitational system, but this is expected to
be enough. The perturbative effects of virtual matter fields on the geometry are competing against
direct production effects, but the production rate of such heavy particles should be suppressed by
factors ∼ e−m/TH ( 1 by the EFT validity conditions (2.2)) and only a small fraction of these
particles will be energetic enough to escape the black hole’s potential well and get to infinity, where
TH is felt. In contrast, the suppression associated to virtual effects is only polynomial ∼ (mrs)−2,
dominating the corrections in our regimes of interest. As there is no clear expectation for whether
such virtual effects should raise or lower Hawking temperatures, generally, it’s perhaps not so
surprising that there is little pattern to the signs on δTH .
5.3 Entropy
The most puzzling results are the corrections to the entropies. We might have expected that
horizons should carry more entropy in theories where there are more fields, simply because there is
more data to keep track of. However, this expectation is not realized in the above findings. Scalars
increase the entropy of all horizons, fermions decrease the entropy of all horizons and vectors
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increase the entropy of flat black holes, but decrease the entropy for large AdS black holes and dS
horizons; see (4.3), (4.11) and (4.7).
It’s possible that we are are not making the correct comparison between pure GR and the
theories with heavy matter coupled in. For instance, thinking in terms of entropy bounds [43, 44],
it is perhaps more sensible to compare the entropy of black holes at fixed size, rather than at fixed
mass. In their simplest form, the bounds state that the entropy of a weakly gravitating system
contained within sphere of some given surface area must be smaller than the entropy of a black
hole with the same surface area (see [45] for refinements and extensions of this criteria). Higher
derivative operators change the entropy of such black holes and we’d expect that the particular
corrections which come from integrating out reasonable matter fields would allow us to store more
information inside of a sphere of fixed size, simply from the increase in degrees of freedom, and so
they should also increase the entropy of black holes at fixed horizon area.
However, explicit calculation shows that this is not always the case. Happily one finds that
scalars and fermions now both increase the entropy of flat black holes at fixed horizon area, but
vectors now lead to a decrease. From (2.15), we see that in order for a flat black hole in the EFT
(2.3) to have a horizon area 4pir2s , its Schwarzschild radius must be r
′
s with
r′s = rs + (10c1 + 12c2)
l2p
m2r3s
+ . . . . (5.4)
The corresponding entropy is
S′ = 8pi
(
rs
lp
)2
+ 192pi2 (c1 + c2)
1
m2r2s
= 8pi
(
rs
lp
)2
+
1
2520m2r2s
×

+19 scalar
+8 fermion
−27 vector
(5.5)
where we evaluated c1, c2 on their values given in (3.22) in the last line. Note that the addition of
non-minimal couplings such as AµA
µR or AµAνR
µν would not change the result (5.5) since they
generate ∼ R3 terms built from the Ricci tensor and scalar alone, whereas it’s the c1, c2 operators
involving the full Riemann tensor which enter the above result. This is reminiscent of results
in [46, 47] where vectors also generated puzzling, negative contributions to entropy calculations
(however, their findings are for massless vectors and fixed BH mass). If we simply demand that
the heavy matter fields increase the entropy of flat black holes at fixed horizon size, it imposes the
following constraint on the massive spectrum
19
∑
scalars
1
m2i
+ 8
∑
fermions
1
m2i
− 27
∑
vectors
1
m2i
> 0 , (5.6)
where only massive species enter the sum.
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We could also revisit our renormalization conditions. We’ve chosen to tune parameters in both
theories such that they share the same renormalized values of Mp and Λ at the low energies we are
working at. We could have instead demanded that the values of these parameters instead coincide
in the deep UV at some energy scale EUV  m. However, as discussed previously, if we imposed
such a condition, the solutions in the two theories would no longer agree in the m→∞ limit and,
in any case, this wouldn’t appear to solve the problem. In this scenario, the biggest correction to
the Schwarzschild entropy comes from the running of the Planck mass (due to its role in the area
law term). Then, for instance, in the cases where a heavy scalar or fermion is minimally coupled to
GR, we have β(M2p ) > 0 and hence the IR value of M
2
p is smaller in the theory coupled to matter
than it is in the pure GR theory, leading to a correspondingly smaller entropy than in pure GR
once again.
5.4 Corrections to Hubble
Perhaps the most tantalizing correction to asymptotically dS spacetimes is the change in the effec-
tive Hubble scale. Higher derivative operators have changed H2 → H2eff with
H2eff =
Λ
3M2p
×
(
1 + c
Λ2
m2M6p
)
, (5.7)
where c is an O(1) number determined by the matter content (4.12). Heavy fields slightly change
the relation between the Hubble scale and the cosmological constant.
This effect is extremely tiny for particles such as the electron, for instance. Using Λ ∼ H2M2p
with H ∼ 70 km s−1 Mpc−1, the fractional correction to Hubble is δH/H ∼ O
(
H4
m2M2p
)
which is
O (10−199) for Mp ∼ 1019GeV and m ∼ .5 MeV. In fact, as discussed in the next section, the
correction (5.7) may entirely be an artifact of the EFT treatment.
Still, it’s quite tempting to speculate that such effects could be important in understanding the
mismatch between the Hubble scale of our observed universe and its expected, natural size. Though
the small mass limit of (5.7) is clearly unreliable and outside the validity of the EFT, there must
exist some expression which captures how fields lighter than m  Λ/M3p affect Heff , asymptoting
to (5.7) in the appropriate regime. A better understanding of this limit is clearly desirable as it
naively appears to indicate an O(1) change in the relationship between Λ and the Hubble scale.
6 Validity of Results: EFT Resolving Power
The corrections we’ve calculated are extremely small. So small, in fact, that one worry whether
they are large enough to constitute genuine predictions of the EFT. We find that indeed many of
the results are so miniscule as to be untrustworthy.
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Every EFT comes with a resolution scale set by the cutoff, ∼ m in our case, and the result of
an EFT calculation is only credible if it predicts phenomena which is resolvable given this scale.
Said a different way, the effective theory is built by averaging over or integrating out the physics
at distance scales smaller than ∼ m−1, and hence the EFT should only be used to ask questions
pertaining to length scales  m−1.
This understanding is what allows us to cope with the higher derivatives in the first place.
Integrating out a field of mass m generates a tower of ∼ R (∇2/m2)nR operators which, if taken
at face value, indicate the existence of catastrophic ghost instabilities [48, 49], due to the resulting
equations of motion with more than two time derivatives. However, each operator is associated to
a ghost whose mass is parametrically larger than the cutoff:
mghost ∼ m (Mp/m)1/(n+1) ≥ m . (6.1)
The result (6.1) indicates the existence of problems only in regimes where the EFT is invalid
anyway, distances ∼ m−1ghost . m−1, so they are not of concern. Everything is under control as
long as the higher derivative operators are treated perturbatively [50–52]. Similar reasoning can
be used to resolve other oddities which arise in effective theories. For instance, it can be shown
that the superluminal dispersion relations found in the low energy QED EFT around gravitational
backgrounds [53] are simple artifacts of EFT approximations as they cannot be used to create
distance advances larger than the inverse cutoff [54].
The small shifts to horizon radii are artifacts of the above type. Phrased as changes to the
proper horizon area, we find
δASchw. ∼ 1
m2
(
l2p
r2s
)
, δAAdS ∼ 1
m2
(
l3prs
L4AdS
)2/3
, δAdS ∼ 1
m2
(
l2p
L2dS
)
, (6.2)
parametrically, for the Schwarzschild BH, dS cosmological horizon and large AdS black hole, respec-
tively. It is natural to compare these to the minimal area built from the EFT cutoff: Amin ∼ 1/m2.
In all cases δA/Amin  1. This is manifestly true for the Schwarzschild and dS cases due to the hi-
erarchy LdS , rs  lp. In the AdS case it naively looks like we can create a macroscopic area increase
δAAdS  m−2 by taking rs  L4AdS/l3p. However, in this limit the AdS Hawking temperature (4.6)
is super Planckian, TH Mp, so EFT calculations are not reliable.
The changes to the Hawking temperature are similarly suspect. The typical wavelength of a
Hawking quanta is λ ∼ T−1H and the shifts induced by heavy fields, δλ ∼ δTH/T¯ 2H , are easily
calculated,
δλSchw. ∼ 1
m
(
l2p
mr3s
)
, δλAdS ∼ 1
m
(
l6p
m3L8AdSrs
)1/3
, δλdS ∼ 1
m
(
l2p
mL3dS
)
. (6.3)
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Each change is much smaller than the resolution scale, δλ m−1, given the EFT conditions (2.2).
Since the corrections to the entropy arise in part from corrections to the horizon radii and Hawking
temperature, they may also be artifacts. However, it’s not entirely clear what the entropy shifts
δS should be compared to, as there’s no natural length or energy scale associated to entropy.
It’s interesting to note that similar conclusions would seem to apply to the effective field theory of
GR [55] where no matter fields are included at all. In the EFT of GR, the classical action is written
as an expansion in powers of R/M2p and ∇2/M2p , i.e. its cutoff is ∼ Mp. At one-loop, gravitons
generate non-local operators ∼ R ln()R which dominate the corrections to the Schwarzschild
metric at long distances r  rs, generating a shift δgµν ∼ rsr
(
lp
r
)2
[56]. Extrapolating to the near
horizon regime, one expects loop corrections to shift the horizon radius by an amount δrh ∼ l2p/rs
and hence the shifts to the horizon area and Hawking wavelength are δA ∼ l2p and δλ ∼ l2p/rs.
Neither shift falls squarely in the range of scales where the EFT is valid, so they should not be
trusted, either, if the above estimates are correct. Of course, we are assuming here that the near
horizon region is well-described by EFT, which may not be true [57]. Note that other one-loop
predictions such as corrections to the bending of light around massive bodies [58] are expected to
be resolvable, in contrast to the above.
Therefore, we find that many of the properties of horizons are remarkably resilient to higher
derivative gravitational corrections. Estimates indicate that the above conclusions also hold in
higher dimensions. This appears to be a consequence of the weakness of gravity, rather than
a fundamental property of horizons. Local EFT corrections can generate macroscopic shifts if
additional forces are turned on. As an example, one can introduce a U(1) gauge field and study the
QED EFT where the electron is integrated out. The higher derivative corrections in this theory
can shift the area of the outer horizon of nearly extremally charged black holes by an amount
parametrically larger than 1/m2 [1, 17]. Alternatively, one can partially overcome the weakness of
gravity by introducing an enormous number of species17.
7 Conclusion
In this paper, we’ve found the perturbative corrections induced by loops of heavy matter fields on
fundamental four-dimensional gravitational solutions: the Schwarzschild and Schwarzschild-(A)dS
spacetimes. These are found by minimally coupling scalars, fermions and vectors to GR, integrating
out the matter and studying solutions in the resulting higher derivative gravitational theory. Such
an EFT computation is valid when the Compton wavelength of the particle, m−1, is much smaller
than the typical curvature distance scale in the system under study. In generic dimensions, ∼ R2
17We thank Joan Camps and Austin Joyce for pointing out this possibility.
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Flat AdS4 dS4 s
− − − 0
rh − − + 1/2
+ + + 1
+ + + 0
TH − − − 1/2
+ − − 1
+ + + 0
S − − − 1/2
+ − − 1
Table 1: Collecting the signs of the corrections to the horizon radii, Hawking temperatures and
entropies of asymptotically flat BH horizons, large AdS4 BH horizons and dS4 cosmological horizons
arising from the influence of a heavy spin-s particle. A “+” or “−” indicates that the quantity is
increased or decreased, respectively. Mp, Λ and rs are being held fixed in the above comparison.
operators would dominate the corrections, but in d = 4 they become subdominant to cubic operators
∼ R3 whose coefficients we calculate.
After finding the perturbatively corrected solutions, we examined how the basic data about each
space time was changed: the horizon radius, Hawking radiation and entropy. For large AdS black
holes, we’ve also calculated the mass of the spacetime via the first law. The replica trick, as phrased
by Lewkowycz and Maldacena [27], was used to calculate entropies (see Appendix A for an explicit
demonstration of the method applied to dS4). For complicated higher derivative actions such as
those we’ve studied, the replica trick proves to be a very efficient calculational technique. We use it
to find an expression for the entropy of static, spherically symmetric solutions to the most general,
four-dimensional gravitational action containing terms involving up to six derivatives of the metric.
No general patterns were found amongst the corrections. Depending on the type of matter and
the spacetime, the defining properties of the solutions could either be increased or decreased, in
accord with the findings of [7] whose work we’ve extended. Whether heavy spin-s fields increase
or decrease various properties of the horizons of flat Schwarzschild black holes, large AdS black
holes and dS cosmological horizons is indicated in Table 1 (see Sec.4 for the complete expressions).
While the above table is calculated at fixed rs, it is also interesting to instead compare flat black
holes at fixed horizon area, when considering entropy bounds. A particularly surprising finding
in this setup is that massive vectors fields decrease the entropy of such flat black holes (scalars
and fermions lead to an increase), indicating that vector fields decrease the amount of information
which can be contained in a sphere of fixed area.
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However, many of these corrections should not be taken seriously as they are so miniscule18 as to
be outside the resolving power of the effective field theory. In all cases the shifts to the wavelength
associated to Hawking radiation are far smaller than the heavy particle’s Compton wavelength,
i.e. the EFT cutoff ∼ m−1, and the changes in the horizon areas are much smaller than 1/m2.
Shifts to horizon entropies are lilliputian, too, but it is not as obvious whether these corrections
are artifacts since it’s unclear what to compare the corrections to. The properties of spacetime are
quite resilient against the effects of higher derivative gravitational corrections.
There are various avenues for future work. Relatively simple extensions would involve including
the effects of non-minimal matter couplings or moving to other dimensions. A holographic interpre-
tation of the asymptotically AdS corrections could also be illuminating. More generally, it would
be interesting to study how constraints on generic quantum field theories translate into properties
of corrected gravitational solutions. For instance, unitarity and analyticity place conditions on
the coefficients of various higher derivative gravitational operators19 [59] and it would be nice to
understand these restrictions in terms of their effects on gravitational solutions.
A far more ambitious undertaking would be the computation of the black hole corrections which
arise from loops of massless particles, for example photons and the graviton itself. Such loops
lead to non-local operators which actually dominate over those we’ve considered in this paper. For
instance, the leading far-field metric correction induced by graviton loops is δgµν ∼ rsr
(
1
Mpr
)2
[55, 60] and hence we expect massless loops to generate O ((M2p r2s)−1) corrections to the horizon
of Schwarzschild black holes. Meanwhile, heavy fields only correct the near horizon Schwarzschild
metric by factors of O ((m2M2p r4s)−1)  O ((M2p r2s)−1) (2.12). However, despite their enhanced
size, many of the graviton-loop induced corrections may still be untrustworthy in the EFT sense;
see Sec. 6. A full understanding of such a calculation requires wrestling with subtle topics such as
the non-linear treatment of non-local operators such as ∼ R logR in curved space [61, 62] and is
left to future work.
Acknowledgments: We thank Daniel Baumann, Joan Camps, Siavash Golkar, Kurt Hinterbichler,
Austin Joyce, Guilherme Pimentel and Mark Trodden for useful discussions and comments on the
draft. This work was supported by a Starting Grant of the European Research Council (ERC
StG grant 279617) and the Delta ITP consortium, a program of the Netherlands Organization
for Scientific Research (NWO), which is funded by the Dutch Ministry of Education, Culture and
Science (OCW).
18To get a sense for the scales of corrections in our universe, we calculate the electron-induced corrections to the
62M black hole which resulted from the LIGO GW150914 event in Appendix D.
19The results of [59] are not immediately applicable, as they constrain the coefficients of ∼ R4 operators whereas
∼ R3 terms provide the dominant corrections to solutions, as we’ve seen, so an extension of [59] would be required.
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A de Sitter Entropy via the Replica Trick
In this Appendix, we explicitly calculate the four-dimensional dS entropy using the replica trick.
The Euclidean lagrangian is
LE [g] ≡ −
M2p
2
(
R− 6
L2dS
)
(A.1)
and the usual Euclidean action and smooth metric solution are given by
I
(1)
E =
∫ 2piLdS
0
dτ
∫
d3x
√
g¯(1) LE [g¯(1)]
g¯(1)µν dx
µdxν =
(
1− r2/L2dS
)
dτ2 +
(
1− r2/L2dS
)−1
dr2 + r2dΩ2 , (A.2)
where we identity τ ∼ τ + 2piLdS and
∫
d3x is the integral over {r, θ, φ} with 0 ≤ r ≤ LdS . The
replica action, with n = 1 + , is similarly given by
I
(1+)
E =
∫ (1+)2piLdS
0
dτ
∫
d3x
√
g¯(1+) LE [g¯(1+)]
=
∫ (1+)2piLdS
0
dτ
∫
d3x
√
goff LE [goff ] +O(2) (A.3)
and we take the off-shell metric to be of the general form (2.37)
goffµνdx
µdxν =
(
1− r2/L2dS
)
(1 + ε(r))2−α
dτ2 +
(1 + ε(r))α(
1− r2/L2dS
)dr2 + r2dΩ2 , (A.4)
where we identify τ ∼ τ + (1 + )2piLdS in the replica spacetime (A.4).
It is straightforward to evaluate the two integrands via computer:√
g¯(1)LE
[
g¯(1)
]
= −r2 sin θ3M
2
p
L2dS√
goffLE
[
goff
]
= −r2 sin θ3M
2
p
L2dS
[
1 + ε
(
αL2dS − 3(1 + α)r2
3r2
)
+ ε′
(
2L2dS + (α− 5)r2
3r
)
+ ε′′
(
(2− α) (L2dS − r2)
6
)]
+O(2) , (A.5)
where primes indicate radial derivatives and we’ve left the argument of ε(r) implicit.
As dS is compact, there are no boundary terms in the action and the only restriction on ε(r) is
that it not introduce singularities anywhere in the spacetime. In particular, we require ε(LdS) = 
and ε(0) = 0 to avoid deficit angles at the cosmological horizon and the origin, respectively, and
we also assume that there are no singularities in ε or its derivatives.
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Writing ε(r) = ψ(r) where ψ(r) obeys ψ(LdS) = 1, ψ(0) = 0, we can use the above results to
reduce the dS entropy, calculated via (2.40), to a radial integral
SdS = 8pi
2M2pL
2
dS
∫ LdS
0
dr
[
ψ
3r2
L3dS
+ ψ′
(
5r3
L3dS
− 2r
LdS
)
+ ψ′′
(
r4
L3dS
− r
2
LdS
)]
+ 8pi2M2pL
2
dSα
∫ LdS
0
dr
[
ψ
(
3r2
L3dS
− 1
LdS
)
− ψ′ r
3
L3dS
+ ψ′′
(
r2
2LdS
− r
4
2L3dS
)]
. (A.6)
Since the entropy shouldn’t depend on the precise details of the deforming function ψ, we should
be able to write (A.6) as an integral of total derivatives and, indeed, we can
SdS = 8pi
2M2pL
2
dS
∫ LdS
0
dr ∂r
(
−r
2ψ′
LdS
+
r3∂r(rψ)
L3dS
+
αr4∂r
(
r−2ψ
)
2LdS
− αr
6∂r
(
r−2ψ
)
2L3dS
)
= 8pi2M2pL
2
dS
[
−r
2ψ′
LdS
+
r4ψ′ + r3ψ
L3dS
+ α
(
r2ψ′ − 2rψ
2LdS
− r
4ψ′ − 2r3ψ
2L3dS
)] ∣∣∣LdS
0
. (A.7)
Evaluating for any ψ(r) obeying the previously stated conditions, the α-dependent terms cancel
out and we find the usual area law
SdS = 8pi
2M2pL
2
dS =
A
4GN
. (A.8)
The generalization to arbitrary dimensions should be straightforward.
B General Entropy for gττ 6= 1/grr
Below is the unilluminating entropy formula for a generic spherically symmetric metric of the form
g¯(1)µν dx
µdxν = f(r)dτ2 +
1
g(r)
dr2 + r2dΩ2 , (B.1)
given the action (2.3):
S = 8pi2
(
rh
lp
)2
+ a1
[
− 24pi
2r2hf
′′g′
f ′
− 8pi2r2hg′′ − 128pi2rhg′ + 64pi2
]
+ a2
[
− 12pi
2r2hf
′′g′
f ′
− 4pi2r2hg′′ − 32pi2rhg′
]
+ 64pi2aGB
+
b1
m2
[
− 80pi
2r2hf
(3)g′2
3f ′
+
16pi2r2hf
′′2g′2
f ′2
− 32pi
2rhf
′′g′2
f ′
− 16pi
2r2hf
′′g′g′′
f ′
+ 64pi2g′2
− 128pi
2g′
rh
− 16
3
pi2r2hg
(3)g′ − 96pi2rhg′g′′
]
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+
b2
m2
[
− 40pi
2r2hf
(3)g′2
3f ′
+
8pi2r2hf
′′2g′2
f ′2
− 8pi
2rhf
′′g′2
f ′
− 8pi
2r2hf
′′g′g′′
f ′
+ 32pi2g′2
− 8
3
pi2r2hg
(3)g′ − 24pi2rhg′g′′
]
+
c1
m2
[27pi2r2hf ′′2g′2
f ′2
+
18pi2r2hf
′′g′g′′
f ′
+ 3pi2r2hg
′′2
]
+
c2
m2
[27pi2r2hf ′′2g′2
f ′2
+
96pi2rhf
′′g′2
f ′
− 48pi
2f ′′g′
f ′
+
18pi2r2hf
′′g′g′′
f ′
+ 3pi2r2hg
′′2 − 16pi2g′′
+ 64pi2g′2 + 32pi2rhg′g′′ +
64pi2
r2h
]
+
c3
m2
[27pi2r2hf ′′2g′2
f ′2
+
288pi2rhf
′′g′2
f ′
− 144pi
2f ′′g′
f ′
+
18pi2r2hf
′′g′g′′
f ′
+ 3pi2r2hg
′′2 − 48pi2g′′
+ 768pi2g′2 − 768pi
2g′
rh
+ 96pi2rhg
′g′′ +
192pi2
r2h
]
+
c4
m2
[27pi2r2hf ′′2g′2
4f ′2
+
36pi2rhf
′′g′2
f ′
+
9pi2r2hf
′′g′g′′
2f ′
+
3
4
pi2r2hg
′′2 + 48pi2g′2 + 12pi2rhg′g′′
]
+
c5
m2
[27pi2r2hf ′′2g′2
2f ′2
+
96pi2rhf
′′g′2
f ′
− 24pi
2f ′′g′
f ′
+
9pi2r2hf
′′g′g′′
f ′
+
3
2
pi2r2hg
′′2 − 8pi2g′′
+ 192pi2g′2 − 128pi
2g′
rh
+ 32pi2rhg
′g′′ +
32pi2
r2h
]
+
c6
m2
[27pi2r2hf ′′2g′2
4f ′2
+
24pi2rhf
′′g′2
f ′
+
9pi2r2hf
′′g′g′′
2f ′
+
3
4
pi2r2hg
′′2 + 48pi2g′2
− 32pi
2g′
rh
+ 8pi2rhg
′g′′
]
, (B.2)
included for completeness.
C Rules for Matrix Elements
In this Appendix, we collect the rules calculating functional determinants perturbatively. This is
the same method used in [63], though the notation is different; see that reference for more explicit
calculations. Here work in arbitrary d-dimensions and use conventions δ(x − y) = δd(x − y),
p˜µ = pµ/2pi, δ˜(k − p) = (2pi)dδd(k − p), 〈x|p〉 = eip·x and f(p) = ∫ ddx e−ix·pf(x) so that 1 =∫
ddp˜|p〉〈p| = ∫ ddx |x〉〈x|.
Consider, for illustrative purposes, calculating a flat space functional determinant of the form
Seff = −Tr ln
(
∂2 −m2 −O) (C.1)
where O = O(φ, ∂φ, ∂ . . .) is some operator built from, say, a scalar field φ, derivatives thereof and
also derivatives acting on the δd(x − y) which usually left implicit in the functional determinant.
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For instance, if we couple a heavy, complex scalar Φ to φ via the action
S[Φ, φ] =
∫
ddx
[
−(1 + φ)|∂Φ|2 −
(
m2 + φ2 +
∂2φ
Λ
)
|Φ|2
]
, (C.2)
then the effective action we’d get from integrating out Φ is of the form (C.1):
Seff = −Tr ln δS[Φ, φ]
δΦ(x)δΦ∗(y)
= −Tr ln
(
∂2 −m2 + φ2 + ∂
2φ
Λ
+ φ∂2 + ∂µφ∂
µ
)
δd(x− y) . (C.3)
The functional determinant can then be calculated perturbatively by writing
Seff = −Tr ln
(
1− 1
∂2 −m2O
)
, (C.4)
which is equivalent to (C.1) up to a divergent, field-independent term, and expanding out the
logarithm and performing the traces.
Seff = Tr
(
1
∂2 −m2O
)
+
1
2
Tr
(
1
∂2 −m2O
)2
+
1
3
Tr
(
1
∂2 −m2O
)3
+ . . . (C.5)
In taking the trace, one encounters a few basic types of matrix elements:
• The simplest case is when O is a polynomial in φ. The matrix elements of φ itself are:
〈x|φ|y〉 = φ(x)δ(x− y) , 〈x|φ|p〉 = φ(x)eip·x , 〈k|φ|p〉 = φ(k − p) , (C.6)
and the matrix element of O(φ) can be found by repeated insertions of unity.
• Matrix elements involving derivatives acting to the right on the implicit delta function are
only slightly more complicated. The rules are:
〈x|∂µ|y〉 = ∂(x)µ δ(x− y) , 〈x|∂µ|p〉 = ipµeip·x , 〈k|∂µ|p〉 = ipµδ˜(k − p) . (C.7)
where the superscript on ∂
(x)
µ indicates that the derivative is taken with respect to the x
argument. In particular, the propagator comes from 〈k|(∂2−m2)−1|p〉 = (−k2−m2)−1δ˜(k−p).
• Finally, matrix elements of derivatives acting on fields are somewhat tricky. One needs to
treat objects such as ∂µφ as a single entity, yielding
〈x|∂µφ|y〉=∂µφ(x)δ(x− y) , 〈x|∂µφ|p〉=eip·x∂µφ(x) , 〈k|∂µφ|p〉= i(k − p)µφ(k − p) . (C.8)
The potentially confusing subtlety is that one cannot insert factors of unity between the
derivative and the field in expressions like ∂µφ, otherwise one is lead to inconsistent results.
In each of the above cases, matrix elements of the form 〈x|O|p〉 and 〈k|O|p〉 follow from the initial
position space matrix element 〈x|O|y〉 via completeness relations.
Any other desired matrix elements can be derived by using further completeness relations on
the above expressions or from simple generalizations of (C.6), (C.7) and (C.8).
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D Electron Corrections to LIGO GW150914 Black Hole
In order to get a sense for the scales at hand, we can consider computing the electron-induced
corrections to the end state black hole of the observed LIGO GW150914 merger [64].
The mass of the final black hole was determined to be M ≈ 62M ≈ 6.9 × 1058GeV. Assum-
ing pure GR and negligible spin, the black hole horizon, Hawking temperature and entropy are
calculated to be
r¯h = 1.8× 105m , T¯H = 8.5× 10−23GeV , S¯ = 4.0× 1080 , (D.1)
from the leading terms in (4.1), (4.2) and (4.3). Calculating the corrections in these expressions
due to the electron, mass m = 5.1× 10−4GeV, we find
δrh = −3.4× 10−114m , δTH = −2.5× 10−142GeV , δS = −1.18× 10−39 . (D.2)
As advertised, the relative corrections are puny. However, the change in the entropy can also be
phrased as a change to the number of black hole microstates N = exp(S), in which case δN is
numerically enormous.
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